Recently, the inversion formulae for multiple finite sums have been studied and applied to the research for multiple zeta values and multiple L-values. In this paper, we consider the inversion of a several variable sequence and present a generalization of these inversion formulae.
Introduction
The inversion {(∇a)(n)} ∞ n=0 of a complex sequence {a(n)} If we consider the values at non-negative integers of a function defined by a Newton series, the inversion of a sequence appears naturally. In fact, the Newton series
with complex variable z takes the value (∇a)(n) for a non-negative integer z = n. In what follows, N denotes the set of non-negative integers. Recently, the inversions of multiple finite sums have been studied and applied to the research for multiple zeta values and multiple L-values [1, 2, 3] . The inversion of the multiple finite sum s µ (n) = n=n 1 ≥···≥np≥0 1 (n 1 + 1) µ 1 · · · (n p + 1) µp (n ∈ N) for a tuple of positive integers µ = (µ 1 , . . . , µ p ) is again a multiple finite sum s ν (n) for some tuple of positive integers ν. Namely, we have
This means that the Newton series
takes the value s ν (n) for a non-negative integer z = n. This fact was used in order to study relations between multiple zeta values in [2] . The formula (1) is generalized to the inversion formula for the multiple finite sum c x 1 ,...,xp (n) = 
which was used to derive relations between multiple polylogarithms and those between multiple L-values in [3] . The formula (1) is obtained from (2) on setting
In this paper, we present a generalization of the inversion formula for c x 1 ,...,xp . We consider the multiple finite sum c t 1 ,...,t p−1 x 1 ;··· ;xr (n 1 , . . . , n r ) = n 1 =n 11 ≥···≥n 1p ≥0 ··· nr=n r1 ≥···≥nrp≥0 n 11 n 11 − n 12 , . . . , n 1p−1 − n 1p , n 1p · · · n r1 n r1 − n r2 , . . . , n rp−1 − n rp , n rp
,
. .} and n 1 , . . . , n r ∈ N. The inversion (∇a)(n 1 , . . . , n r ) of a several variable sequence a(n 1 , . . . , n r ) is defined by (∇a)(n 1 , . . . , n r ) =
The inversion formula for c 
where we define
More generally, we prove the difference formula for c t 1 ,...,t p−1 x 1 ;··· ;xr , from which the formula (3) follows immediately. The difference of a sequence a(n 1 , . . . , n r ) with respect to the i-th argument is defined by (∆ i a)(n 1 , . . . , n r ) = a(n 1 , . . . , n r ) − a(n 1 , . . . , n i + 1, . . . , n r ), and the statement of the difference formula is as follows: 
The differences of several variable sequences
In this section, we state fundamental properties of the difference of several variable sequence. In the followng, N denotes the set of non-negative integers.
be the ring of formal power series over the complex numbers in indeterminates Z 1 , . . . , Z k . We put
we have
Lemma 2.1. Let r ≥ 1 be an integer. If
satisfies two conditions
and
Proof. If we put
by (4) we have
Moreover we have a(n 1 , . . . , n r , 0, . . . , 0) = 0 for any n 1 , . . . , n r ∈ N. By induction on k 1 + · · · + k r , we see that a(n 1 , . . . , n r , k 1 , . . . , k r ) = 0 holds for any n 1 , . . . , n r , k 1 , . . . , k r ∈ N.
Definition 2.2. Let r ≥ 1 be an integer and 1 ≤ i ≤ r. We define the difference
for a ∈ C N r and n 1 , . . . , n r ∈ N.
We note that ∆ i ∆ j = ∆ j ∆ i for any 1 ≤ i, j ≤ r. We denote the composition
For a : N r → C, we define
We note that
By (4), we have
for any 1 ≤ i ≤ r.
Proposition 2.4. Let r ≥ 1 be an integer and let a : N r → C. Then we have
Proof. By (7), we have
In addition, by (5) and (6) we have
Therefore Lemma 2.1 implies the proposition.
Corollary 2.5. Let r ≥ 1 be an integer and let a : N r → C. For any n 1 , . . . , n r , k 1 , . . . , k r ∈ N, we have
By compairing the coefficients of both sides of the equation in Proposition 2.4, we obtain the corollary. Corollary 2.6. Let r ≥ 1 be an integer. Then ∇ 2 is the identity map on C N r .
Proof. It follows from Corollary 2.5 on setting n 1 = · · · = n r = 0.
In the following, we give explicit expressions for the difference and the inversion of a sequence. Proposition 2.7. Let r ≥ 1 be an integer. For any a : N r → C, we have
where (f a ) i denotes the partial derivative of f a with respect to the i-th argument. Since
we get the proposition by Lemma 2.1.
Corollary 2.8. Let r ≥ 1 be an integer and let a : N r → C. For any n 1 , . . . , n r , k 1 , . . . , k r ∈ N, we have
Proof. We apply ∂
Yr to both sides of the equation in Corollary 2.7 and evaluate at
In general, we have
where
Therefore the right-hand side of (8) is equal to
Thus we have proved the corollary.
Corollary 2.9. Let r ≥ 1 be an integer and let a : N r → C. For any n 1 , . . . , n r ∈ N, we have (∇a)(n 1 , . . . , n r ) =
Proof. It follows from Corollary 2.8 on setting n 1 = · · · = n r = 0.
The differences of certain multiple finite sums
Let r, p ≥ 1 be integers and let x i = (x i1 , . . . , x ip ) ∈ C p for 1 ≤ i ≤ r. Let t 1 , . . . , t p−1 be complex numbers which are not negative integers. For n 1 , . . . , n r ∈ N, we define c t 1 ,...,t p−1 x 1 ;··· ;xr (n 1 , . . . , n r ) = n 1 =n 11 ≥···≥n 1p ≥0 ··· nr=n r1 ≥···≥nrp≥0 n 11 n 11 − n 12 , . . . , n 1p−1 − n 1p , n 1p · · · n r1 n r1 − n r2 , . . . , n rp−1 − n rp , n rp t 1 + n 11 + · · · + n r1 n 11 − n 12 + · · · + n r1 − n r2
In the case p = 1, we have c x 1 ;··· ;xr (n 1 , . . . , n r ) = x
For x = (x 1 , . . . , x p ) ∈ C p , we define
Lemma 3.1. Let r ≥ 1, p ≥ 2 be integers and let x i = (x i1 , . . . , x ip ) ∈ C p for 1 ≤ i ≤ r. Let t 1 , . . . , t p−1 be complex numbers which are not negative integers. For n 1 , . . . , n r ∈ N, we have
Proof. The left-hand side is equal to
· · · n r n r − n r2 , . . . , n rp
Since
is equal to
On the other hand, for 1 ≤ i ≤ r,
In (13), we may replace
Hence (11) and (13) imply the lemma.
For x 1 , . . . , x r ∈ C (r ≥ 1), we put
which is a linear transformation on C[[X 1 , . . . , X r ]]. For t ∈ C and
Lemma 3.2. For any x 1 , . . . , x r ∈ C (r ≥ 1) and t ∈ C \ {−1, −2, . . .}, the linear transformation
Proof. For
we assume that (ξ x 1 ,...,xr + t)f (X 1 , . . . , X r ) = 0.
Then by (14) we have
x i n i a(n 1 , . . . , n i − 1, . . . , n r ) = 0 for any n 1 , . . . , n r ∈ N. We note that n 1 + · · · + n r + 1 + t = 0 for any n 1 , . . . , n r ∈ N. On setting n 1 = · · · = n r = 0, we obtain a(0, . . . , 0) = 0. By using induction on n 1 + · · · + n r , we find that a(n 1 , . . . , n r ) = 0 for any n 1 , . . . , n r ∈ N. Hence we have completed the proof. In the case p = 1, we have f x 1 ;··· ;xr (X 1 , . . . , X r ) = e Proof. The left-hand side is equal to
we obtain the assertion. 
